We have studied the effective response of composites of spherical particles with a dielectric profile which varies along the radius of the particles. We developed a differential effective dipole theory to compute the dipole moment of individual spherical particle and hence the effective dielectric response of a dilute suspension. The theory has been applied to two model dielectric profiles. Moreover, we compare the approximate results with the exact results of the power-law profile and the agreement is excellent.
I. INTRODUCTION
Graded materials, whose material properties can vary continuously in space, are abound in nature. With the advent of fabrication techniques, however, these materials may also be produced in laboratory to tailor their properties for specific need. For instance, the conductivity can be made to vary along the radius in a cylindrical conducting wire to reduce the mean-square field fluctuation. Moreover, composites of graded materials inclusions can be more useful and interesting than those of homogeneous inclusions. These graded composite materials contain spatial variations in their composition and/or microstructure for the specific purpose of controlling variations in thermal, structural or functional properties [1] . However, the established theory for homogeneous inclusions cannot be applied. It is thus necessary to develop a new theory to study the effective properties of graded composite materials under externally applied fields. In this paper, we will develop an effective dipole theory for calculating the effective properties of graded composite materials.
II. FORMALISM
In this section, we develop the differential effective dipole approximation (DEDA) for spherical particles of graded materials and hence compute the effective dielectric response in the dilute limit. We first consider a homogeneous dielectric sphere in a uniform electric field.
The spherical inclusion has a dielectric constant ǫ 1 , radius a embedded in a host medium of dielectric constant ǫ 2 . The electric field strength is E 0 . The induced dipole moment p 0 is given by
where b is the dipole factor, which measures the degree of polarization of the particle in
If we add to the spherical particle a spherical shell of dielectric constant ǫ, to make a coated sphere of overall radius a 1 , then the induced dipole moment becomes
where b 1 is the dipole factor of the coated sphere [2] ,
where x 1 is given by
and y = (a/a 1 ) 3 .
The consideration can be extended to more shells of different dielectric constants, at the expense of more complicated expressions [2] . It is easy to check that b 1 reduces to b when ǫ = ǫ 1 . Thus, the dipole factor remains unchanged if one adds a spherical shell of the same dielectric constant.
Next, we consider an inhomogeneous sphere with dielectric profile ǫ(r), and radius a. To establish the differential effective dipole theory, we mimic the graded profile by a multi-shell construction, i.e., we build up the dielectric profile gradually by adding shells. We start with an infinitesimal spherical core of dielectric constant ǫ(0) and keep on adding spherical shells of dielectric constant given by ǫ(r) at radius r, until r = a is reached. At radius r,
we have an inhomogeneous sphere whose induced dipole moment is given by p(r). Certainly p(r) is proportional to E 0 , but the exact expression is lacking. We further replace the inhomogeneous sphere by a homogeneous sphere of the same dipole moment and the graded profile is replaced by an effective dielectric constantǭ(r). Thus,
where
Next, we add to the sphere a spherical shell of infinitesimal thickness dr, of dielectric constant ǫ(r). The dipole factor will change according to Eq.(4). Of course, the effective dielectric constantǭ(r), being related to b(r), should also change by the same token. Let us write b 1 = b + db, and take the limit dr → 0, we obtain a differential equation:
Thus the dipole factor of a graded spherical particle can be calculated by solving the above differential equation with a given graded profile ǫ(r). The nonlinear first-order differential equation can be integrated, at least numerically, if we are given the graded profile ǫ(r) and the initial condition b(r = 0). When b(r = a) is calculated, we can compute the dipole moment of individual spherical particles and hence the effective dielectric constant either in the dilute limit
or by the Clausius-Mossotti approximation
where f is the volume fraction of spherical particles.
III. NUMERICAL RESULTS
In this section, we evaluate the DEDA for some graded profiles. We performed numerical calculations for two model profiles: (a) power-law profile ǫ(r) = Ar n , and (b) linear profile ǫ(r) = A+Br. Without loss of generality, we let ǫ 2 = 1 and a = 1. The numerical integration has been done by the fourth-order Runge-Kutta algorithm with a step size δr = 0.01. In Fig.1(a) , we plot the dipole factor b versus A for various index n > 0. It is clear that b increases monotonically as the dielectric contrast A increases, while it decreases with the index n. It is attributed to the fact thatǭ decreases as n increases. Similarly, in Fig.1(b) we plot b versus A for various slope B. We obtained similar behavior as in Fig.1(a) .
We managed to obtain the exact solution for the dipole factor of a graded spherical inclusion in a uniform field [3] . We solved the Laplace equation for the local electric field in a graded spherical inclusion and then integrated the local electric field over the volume of the spherical particle to yield the dipole moment. We have been lucky that the power-law profile actually admits an exact solution for the local electric field. Thus we found an exact analytic expression for the dipole factor in the power-law profile [3] :
where s is given by the positive root of a quadratic equation:
Note that when n → 0, s → 1, ǫ(r) → Aǫ 2 , Eq.(12) reduces to the well-known result:
It is instructive to compare the exact results with the DEDA results. In Fig.2 , we compared the exact results and the DEDA results for a spherical inclusion with a power-law graded profile. The agreement is excellent for positive index n. However, we doubted if the comparison remains good for negative index n because the dielectric constant diverges at the origin. To our surprise, the agreement is still excellent for negative index n (results not shown here). Thus, we would say the DEDA is a very good approximation for graded spherical inclusions.
IV. DISCUSSION AND CONCLUSION
Here a few comments are in order. In this work, we have developed a differential effective dipole approximation (DEDA) to compute the dipole moment of a spherical particle with a graded dielectric profile. We compared the approximate results with the exact results of the power-law profile and the agreement is excellent. Note that an exact solution is very few in composite research and to have one yields much insight. It is thus worth spending time on finding one. To this end, it is also instructive to obtain analytic result for the linear profile [3] .
We suspect that DEDA becomes exact for a graded spherical inclusion and we believe it remains exact for a graded cylindrical inclusion. There is no proof for the time being, and we will leave this as a puzzle for interested readers to solve. Thus, we can apply DEDA with great confidence to various different problems.
We believe that the approximate theory can be applied to biological cells as well, as the interior of biological cells must be inhomogeneous in nature and can be treated as a graded material [4] . To this end, Freyria et. al. [4] observed a graded cell response when they studied the cell-implant interactions experimentally. Thus the complex dielectric dielectric function can be modeled to vary continuouly along the radius of the cells, namely, the conductivity can change rapidly near the boundary of cells and a power-law profile prevails, while the dielectric function may vary only slightly and thus a linear profile suffices. Work is in progress along this direction [5] .
In this connection, we can further develop a spectral representation for the complex dipole factor [6] and that can help to solve a range of related problems, like electrorotation, dielectrophoresis and electroorientation. We can also extend the analysis to treat nonspherical particles as well [7] . The intrinsic dispersion in the dielectric function of biological cells may stem from these graded profile [8] . Fig.1(a) , but for comparision of the exact results (lines) with differential effective dipole approximation results (symbols) for the dipole factor in the power-law profile. 
